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Abstract
Intermediate mass-ratio coalescences are potential signals of ground-based and space-
based gravitational observatories. Accurate modeling of their waveforms within
general relativity can be achieved within black hole perturbation theory including
self-force and finite size effects. In this paper, we present analytic results to the
Teukolsky perturbation of equatorial orbits in the near-horizon region of an ex-
tremely high spin black hole including spin coupling and finite size effects at leading
order in the high spin limit while neglecting the self-force. We detail the critical
behavior occuring close to the smallest specific angular momentum, and we discuss
features of spin and quadrupole couplings.
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1 Introduction
Intermediate mass ratio coalescences (IMRACs) are binary systems of mass ratio q ∼
10−2 − 10−4, which involve a black hole with mass in the range 100− 105M⊙, a so-called
intermediate-mass black hole (IMBH). There are two types of IMRACs: Type I consists
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of a stellar mass compact object inspiraling and merging into an IMBH, while Type II
consists of an IMBH inspiraling and merging into a supermassive black hole (SMBH)2.
Type I IMRACs can be formed in dense stellar systems such as galactic nuclei and
globular clusters, as shown by stellar-dynamics simulation of globular clusters [3–6] and
the parabolic capture mechanism [7]. In this case, the central black holes are IMBHs with
masses in the range from a few hundred to a few thousand solar masses, and the orbiting
compact objects have stellar mass. Depending on their orbital parameters, IMRACs
in clusters can be detectable [8] not only by the space-based gravitational wave (GW)
observatories, including planned LISA [9, 10] and prospective Tian Qin [11] or Taiji [12],
but also by the ground-based observatories LIGO/Virgo [13,14] or the Einstein Telescope
(ET) [15,16]. This also leads to the possibility of LISA first detecting signals and warning
a year in advance the ground based detectors [8]. For intermediate mass-ratio coalescences
of Type I, merger and ringdown contribute significantly to the gravitational-wave signal
of ground-based detectors [1], which particularly motivates our present analysis. Type
II IMRACs are a potentially very loud source in the LISA band though sparse in the
number of events. The GW signal may have a large signal-to-noise ratio (SNR) and can
be detectable during the end of the inspiral without the need for matched filtering [2].
IMBHs could be primordial, generated in the early Universe, or they may form in the
center of dense globular clusters through runaway stellar collision. They are thought to
be the seeds from which SMBHs grow. The study of IMBHs may shed light on various
astrophysical problems in galaxy formation and growth, black hole accretion and reion-
isation [17]. The observational evidence for the existence of IMBHs has accumulated in
the past decade thanks to X-ray and optical observations [18]. A single observation of
GW from a IMRAC would be a direct detection of an IMBH and it would provide with an
accurate mass measurement. As the population of IMBHs is poorly understood, the event
rates for both types of IMRACs are not well constrained. In [19], it was estimated that
the type I IMRAC event rate for ET could be as high as few hundred per year. For the
type II IMRAC event rate for LISA, the preliminary estimations range from a few events
per year [2] to a hundred events per year [19,20]. The typical timescale of the detectable
signal at ET for a Type I IMRAC is a few seconds, while for a Type II IMRAC at LISA
is a few minutes. This is in sharp contrast with the years of signal of the extreme mass
ratio inspirals (EMRIs) at LISA.
The gravitational waveform emitted from the late inspiral to the merger of an IMRAC
encodes detailed information about the strong field region near the central black hole. Pre-
cision tests of general relativity and the potential discovery of new fundamental physics
requires an extremely accurate waveform modeling of the entire detectable signal [21],
which for IMRACs includes the merger. For comparable mass binary systems, this is
2In the literature, such systems are alternatively termed intermediate mass-ratio inspirals (IMRIs).
For IMRACs of Type I, merger and ringdown contribute significantly to the gravitational-wave signal of
ground-based detectors [1] while for IMRACs of Type II, merger and ringdown contribute significantly
to the signal of space-based detectors [2]. We therefore adopt the terminology IMRAC instead of IMRI.
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achieved within the effective one-body formalism [22,23] (see [24] for a review), informed
by high order post-Newtonian theory (see [25] for a review), post-Minkowskian expan-
sions [26] and complete numerical 3 + 1 simulations [27]. The post-Newtonian expansion
does not converge beyond the light-ring [28] and therefore requires non-perturbative tech-
niques in the velocity expansion to model the transition of the inspiral to the merger [29].
The merger phase can be modelled with numerical simulations, which however become
prohibitive in terms of computational power for a mass ratio higher than ten because
of the separation of scales. In the opposite extreme mass ratio limit, waveforms can be
derived in black hole perturbation theory including finite size effects and self-force correc-
tions (see the reviews [30–33]). The transition from the inspiral to the merger has been
modeled so far only taking into account the orbit-averaged, dissipative piece of the self-
force [34–36]. For IMRACs, a comprehensive modelization has not yet been performed
as they lie somewhere between these two regimes. Perturbation theory has been shown
to be a promissing approach to model IMRACs [37]. Spin and finite size effects have
been shown to be relevant for precision modeling [38, 39] and have been computed for
binaries involving a central Schwarzschild black hole [40], but such effects have not yet
been systematically included within the black hole perturbation framework.
The objective of this paper is to provide new accurate semi-analytical data in the
modeling of the transition between the late inspiral and merger of binaries with a small
or intermediate mass ratio by including spin and finite size effects. We will provide this
semi-analytical data only in the case where the spin of central massive black hole is close to
maximal and for a binary whose orbital plane is the equatorial plane (i.e. no inclination).
As already emphasized, this modeling is most relevant for IMRACs since for EMRIs the
merger phase is marginally observable.
One key point in our study is that the innermost stable circular orbit (ISCO) lies
within the near-horizon region. As shown in [42], the ISCO asymptotically approaches
the horizon location in Boyer-Linquist coordinates in the extremal limit. To describe
the physics around the ISCO, one may introduce a set of new coordinates in terms of
which the near-horizon geometry becomes the so-called NHEK geometry plus O(λ1/3)
corrections with λ =
√
1− J2/M4 ≪ 1. Given this fact, all results obtained in the
near-horizon region around the ISCO are the leading results in the high spin expansion.
The corrections go as O(λ1/3), which is of the order of 40% for Thorne’s upper spin limit
J = 0.998M2 but negligible for extremely high spin.
The spacetime around a high spin black hole can be viewed as a match between a
“very near-horizon region”, a “near-horizon region” and the exterior region diffeomorphic
to extremal Kerr spacetime [41]. Both the “very near-horizon region” (near-NHEK) and
the “near-horizon region” (NHEK) are diffeomorphic to each other and admit exact con-
formal SL(2, R)×U(1)×PT symmetries that extend the R×U(1)×PT symmetries of the
Kerr geometry [42–44] (see [45–47] for reviews). The opening up of extended near-horizon
regions at high redshift around high spin black holes gives rise to very specific strong grav-
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ity physics related to critical phenomena [48–51, 54] and to specific conformal symmetry
methods that can be used to derive exact semi-analytical GW waveforms [51, 55–60].
Therefore the waveforms computed using conformal symmetry methods are relevant from
the transition between the inspiral and merger up to the final ringdown.
In this paper, we extend the status of conformal symmetry methods for GW [51] to
take spin and finite size effects into account within the Teukolsky formalism but using
the probe approximation (no gravitational self-force). Self-force effects within the near-
horizon geometry will be considered elsewhere [61].We will use the Mathisson-Papapetrou-
Dixon formalism [62–66] to model the extended black hole, neutron star or exotic compact
object. The solution to the MPD equation that we will construct matches with the leading
high spin limit of the prograde (with respect to the Kerr spin) circular orbit of [52] after
specializing to probe black holes. Our semi-analytic results allow to derive the waveforms
for an arbitrary plunging equatorial trajectory. This is an outcome of the conformal
methods developed in [51]. More precisely, our results are an extension of [51, 55–60],
including spin and finite size effects. They provide with the waveforms of the final geodesic
plunge of IMRACs at the leading order in the high spin limit with spin and finite size
corrections. However, these waveforms do not include the self-force effects which are of
the same order in the mass-ratio as the spin effects. Our results on spin and finite size
effects are the first step towards more realistic waveforms which include spin effects for
the inspiral, transition and plunge.
The rest of the paper is organized as follows. We first review of the Mathisson-
Papapetrou-Dixon (MPD) formalism in Section 2 and review the asymptotically matched
expansion scheme valid for a central high spin black hole in the context of black hole
perturbation theory in Section 3. We solve the MPD equations for circular orbits in
the near-horizon region of the Kerr black hole in Section 4. We then derive the stress-
tensor and solve the inhomogenous Teukolsky radial equation. We extend our analysis
to arbitrary equatorial orbits in Section 5 using conformal symmetry transformations.
The main features of the waveforms for circular orbits are discussed in Section 6 before
concluding.
2 The Mathisson-Papapetrou-Dixon formalism
A point test particle with no internal structure and no gravitational self-force follows a
geodesic path [67]. The theory of motion of an extended object without gravitational
self-force within a curved spacetime was initiated by Mathisson in 1937 [62], rediscovered
by Papapetrou in 1951 [63] and completed beyond the dipole and quadrupole approx-
imation by Dixon [64–66]. It was also shown by Dixon [64, 68] and Schattner [69, 70]
that the worldline of the center of mass of the extended object is uniquely defined from
the Tulczyjew spin supplementary condition [71, 72]. A detailed physical and historical
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account can be found in [73]. We review here its most relevant features3.
2.1 Evolution equations
Neglecting its gravitational self-force, the motion of an extended body in a curved geom-
etry is entirely determined by an infinite set of moment tensors defined along a timelike
worldline within the object consisting of the momentum pµ, the antisymmetric spin tensor
Sαβ, together with the quadrupole and higher order moment tensors. The Mathisson-
Papapetrou-Dixon evolution equations of the momentum and spin are given by4
Dpµ
Dτ
= −1
2
Rµναβu
νSαβ + Fµ, (2.1)
DSµν
Dτ
= pµuν − pνuµ + Lµν (2.2)
where Fµ and Lµν are respectively the force and the torque caused by the quadrupole
and higher multipoles. The masses m > 0, m > 0 are defined as
m2 = −pµpµ, m = −pµuµ. (2.3)
The 2N -pole moment, N ≥ 2, is described by a tensor Jµ1···µN−2αβγδ with N +2 indices
with the following symmetry structure
Jµ1···µN−2αβγδ = J (µ1µN−2)[αβ][γδ], (2.4)
Jµ1···µN−2α[βγδ] = 0, (2.5)
Jµ1···µN−3[µN−2αβ]γδ = 0, for N ≥ 3. (2.6)
Moreover, the octopole and higher order moments are defined with respect to an orthog-
onality relation involving a unit timelike vector nα defined on the worldine,
nµ1J
µ1···µN−2αβγδ = 0, for N ≥ 3. (2.7)
In particular the quadrupole Jαβγδ has 20 independent components and has the symme-
tries of the Riemann tensor.
The force and torque can then be constructed as
Fµ = 1
2
∑
N≥2
1
N !
mµ1···µNλκ∇µgλκ,µ1···µN , (2.8)
Lµν =
∑
N≥2
1
(N − 1)!g
ρ[µmν]µ1···µN−1αβg{ρµ,ν}µ1···µN−1 (2.9)
3Note that an alternative theory was proposed in [74, 75]. We shall not consider it here.
4We adopt the Misner-Thorne-Wheeler conventions for the Riemann tensor which are opposite to
Dixon’s. Our Riemann and Ricci tensor are Rρσµν = ∂µΓ
ρ
νσ−∂νΓρµσ+ΓρµλΓλνσ−ΓρνλΓλµσ and Rµν = Rαµαν .
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where
mµ1···µNρσκ =
4N
N + 2
J (µ1···µN |σ|ρ)κ, g{αβ,γ}δ··· = gαβ,γδ··· − gβγ,αδ··· + gγα,βδ··· (2.10)
and gλκ,µ1···µN is the Nth extension of the metric gλκ as defined by Veblen and Thomas
[76, 77]. This is the unique tensor defined on each point xµ∗ (τ) of the worldline whose
components reduce to the Nth partial derivative of the metric in any normal coordi-
nate system centered on xµ∗ (τ). The Nth extension gλκ,µ1···µN is symmetric in its indices
µ1 . . . µN .
2.2 Choice of worldline as the center-of-mass
The evolution equations need to be supplemented by a choice of worldline xµ∗ (τ) within
the extended body. As reviewed in [73], one can uniquely identify the center-of-mass by
imposing n[µpν] = 0 (or more simply nµ = pµ/(−p · p)) together with the Tulczyjew spin
supplementary condition
Sµνpν = 0. (2.11)
We will assume the Tulczyjew spin supplementary condition from now on unless otherwise
stated. Once these conditions are obeyed, the evolution equations (2.1)-(2.2) become the
equations of motion of the momentum pµ and spin tensor Sαβ, or equivalently, the spin
vector
Sµ =
1
2m
ǫµναβp
νSαβ. (2.12)
The spin length S is then defined from either
S2 =
1
2
SµνS
µν = SµSµ. (2.13)
We adopt the convention that the sign of S is positive if the spin vector is aligned with
the Kerr spin, and negative otherwise. Note that the alternative spin supplementary
condition originally assumed by Mathisson
Sµνuν = 0 (2.14)
does not uniquely fix a worldline already within special relativity [71,78]. Yet, it is often
used in the literature instead of (2.11).
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2.3 Conserved quantities
Given any Killing vector ξµ of the background spacetime, ∇(µξν) = 0, one can show that
the following quantity is conserved along the worldline,
Qξ = ξµp
µ +
1
2
Sµν∇µξν (2.15)
even in the presence of arbitrary multipoles [79]. This allows to define the probe energy
and angular momentum uniquely. Moreover, after chosing the quadrupole model (2.25),
the spin length S is also conserved [83].
2.4 Stress-tensor
The Mathisson-Papapetrou-Dixon equations (2.1)-(2.2) can be shown to be equivalent to
the conservation equations ∇νT µν = 0 of the stress-energy tensor T µν described by the
multipole moments. There is no further restriction on the multipole moments.
In the dipole approximation (the test spinning particle), the stress-tensor is given
by [25, 63, 71, 80, 81]
T µν =
∫
dτ{1
2
(pµuν + pνuµ)D − 1
2
∇α[(Sαµuν + Sανuµ)D]} (2.16)
where D is the Dirac function
D = 1√−gδ
(4)(xµ − xµ∗ (τ)). (2.17)
In the quadrupole approximation, the stress tensor is given by [82]
T µν =
∫
dτ [(p(µuν))D + 1
3
R
(µ
αβγ J
ν)γβαD −∇α(Sα(µuν)D)− 2
3
∇α∇β(Jα(µν)βD)]. (2.18)
2.5 Quadrupole model
In the following we will consider exclusively the quadrupole approximation. The force
and torque caused by the quadrupole Jαβγδ is more explicitly given by
Fµ = −1
6
Jαβγδ∇µRαβγδ, (2.19)
Lµν = 4
3
Jαβγ[µR
ν]
γαβ . (2.20)
We adopt a definition for the quadrupole Jµνρσ which is a function of the momentum,
spin tensor and Riemann curvature. The following three tensors share the symmetries of
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the Riemann tensor,
Qµνρσ(1) = p
[µSν]αS
α[ρpσ], (2.21)
Qµνρσ(2) = (p
[µR ν]ρσα + p
[ρR σ]µνα )p
α, (2.22)
Qµνρσ(3) = p
[µR
ν] [ρ
α βp
σ]pαpβ. (2.23)
Following [83], we assume that the quadrupole tensor is a linear combination of these
terms,
Jµνρσ =
m
m3
[
3κS2
m
Qµνρσ(1) +
3µ2 + 8σ2
m2
Qµνρσ(3) − 2σ2Qµνρσ(2) ] (2.24)
=
m
m3
[
3κS2
m
Sα[µpν]S [ρα p
σ] + 3µ2p
[µEν][ρpσ] + 2σ2(p
[µQν]ρσ + p[σQρ]νµ)].
Here we defined
Qµνρ = ǫρναβp
αBµβ , (2.25)
Eµν =
1
m2
Rµρνσp
ρpσ, (2.26)
Bµν =
1
2m2
ǫµαβγR
βγ
νδ p
αpδ. (2.27)
The coefficient κS2 characterizes the spin-induced quadrupole. It is equal to 1 for sta-
tionary black holes, which is equivalent to the quadrupole formula Q = −J2/M [84, 85].
For neutron stars, it depends upon its internal structure and is of the order of ∼ 5 [86].
The other two coefficients µ2 and σ2 characterize the quadrupole deformations induced by
the gravito-electric and gravito-magnetic tidal fields. They are approximately 0 for black
holes and for neutron stars, they depend upon their internal structures.
We note the following dimensions of various quantities 5,
[xµ] = −1, [τ ] = −1, [pµ] = 1, [uµ] = 0, [Sµν ] = 0, [gµν ] = 0, (2.28)
[Rµνρσ] = 2, [J
µνρσ] = −1, [GN ] = −2, [c] = 0. (2.29)
The dimension of the three parameters are then
[κS2] = 0, [µ2] = −3, [σ2] = −3. (2.30)
The tidal deformation parameters are made dimensionless after introducing a typical
radius scale R (the horizon radius for a black hole). The dimensionless tidal deformation
5We set the velocity of light c = 1 and Newton constant GN = kg
−2 such that space, time and inverse
mass have the same dimension. “[O]” denotes the dimension of O in units of mass.
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parameters are usually defined as k2 = 3Gµ2/(2R
5) and j2 = 48Gσ2/R
5. Realistic values
for neutron stars are k2 ∼ 0.1, j2 ∼ −0.02 [87–89].
The masses m, m are non-conserved and differ at O(S3) in the spin tensor,
m = m+O(S3). (2.31)
We can therefore trade m for m in (2.24). We also have pµ = muµ+O(S2). The masslike
quantity µ defined as
µ = m+
κS2
2m
EµνS
µ
αS
αν +
µ2
4
EµνE
µν +
2
3
σ2BµνB
µν (2.32)
is conserved up to O(S3).
2.6 Small mass ratio expansion
We consider a small or intermediate mass ratio coalescence with
q ≡ µ
M
≪ 1. (2.33)
We assume that the probe object has a spin bounded by the extremal black hole bound.
Equivalently, the intrinsic spin over mass square ratio
χ ≡ S
µ2
or, equivalently, S = χM2q2 (2.34)
obeys −1 ≤ χ ≤ 1. In the q expansion, the momentum is pµ = O(q1) and the spin tensor
is Sµν = O(q2). The compactness coefficient of the probe C ≡ Gµ
R
as well as k2, j2 are
assumed to be O(q0) in order to model black holes or neutron stars. We deduce that
µ2, σ2 = O(q
5). The effects of electric or magnetic tidal deformations are therefore very
negligeable for small q. We will not consider these effects furthermore in this paper. In the
quadrupole model (2.24), only the spin-induced quadrupole plays a role and it provides
an O(q2) correction to the leading order result, as we will discuss.
Finally, we estimate the self-force (back-reaction) effects in terms of q. Self-force effects
arise from the second (and higher) order curvature perturbations. Since the waveform is
O(q) at leading order, the self-force correction is O(q2), which is at the same order as
the spin effects. Hence, our result below at linear order in the spin is only a subset of
the relevant terms that describe the waveforms at order O(q2) and they would need to be
completed with considerations of the self-force, which is beyond the scope of this paper.
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3 The Teukolsky problem for high spin IMRACs
We set the background spacetime to be the nearly maximally spinning Kerr black hole of
parameters (M,J) in Boyer-Linquist coordinates (tˆ, rˆ, θ, φˆ) with
λ =
√
1− J
2
M4
≪ 1. (3.1)
The high spin limit λ → 0 leads to the existence of the NHEK region of coordinates
(T,R, θ,Φ) and the near-NHEK region of coordinates (t, r, θ, φ) and parameter κ, both
with enhanced SL(2,R)× U(1) symmetry [42–44]. The NHEK metric is
ds2 = 2M2Γ(θ)
(
−R2dT 2 + dR
2
R2
+ dθ2 + Λ2(θ)(dΦ+RdT )2
)
, (3.2)
where the polar functions are
Γ(θ) =
1 + cos2 θ
2
, Λ(θ) =
2 sin θ
1 + cos2 θ
. (3.3)
The near-NHEK metric is
ds2 = 2M2Γ(θ)
(
−r(r + 2κ)dt2 + dr
2
r(r + 2κ)
+ dθ2 + Λ2(θ)(dφ+ (r + κ)dt)2
)
. (3.4)
the change of coordinates between these patches is
T =
tˆ
2M
λ2/3, R =
rˆ − rˆ+
M
λ−2/3, Φ = φˆ− tˆ
2M
, (3.5)
t =
tˆ
2Mκ
λ, r = κ
rˆ − rˆ+
Mλ
, φ = φˆ− tˆ
2M
, (3.6)
where κ is arbitrary and factors out of any physical quantity. Though κ has no physical sig-
nificance, we prefer to include it for bookkeeping purposes. In (near-)NHEK coordinates,
the Kerr metric reduces to the (near-)NHEK metric plus O(λ1/3) corrections. The ISCO
lies within the NHEK region. For a review, see e.g. [47]. We will neglect such O(λ1/3)
corrections in this work: our results will be accurate at leading order in the high spin limit
λ→ 0. We consider a source within the NHEK or the near-NHEK region. Circular orbits
at a fixed Boyer-Linquist radius rˆ = rˆ0 admit a fixed NHEK radius R = R0 and near-
NHEK radius r = r0 determined from (3.5)-(3.6) that is a functional of the constants of
motion, see Section 4. Due to helicoidal symmetry, gravitational waves are sourced with
a delta function δ(φˆ − ΩH tˆ) where ΩH = 1/(2M) + O(λ) is the angular velocity of the
horizon. Within either of these regions, gravitational waves therefore have a frequency
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ωˆ ∈ R and mode number m ∈ Z close to the superradiant bound M |ωˆ − m
2M
| ≪ 1. We
define the NHEK and near-NHEK angular velocities Ω and ω as
Ω =
2M
λ2/3
(ωˆ − m
2M
), ω =
2Mκ
λ
(ωˆ − m
2M
). (3.7)
At the leading order in the high spin limit, the Teukolsky perturbation can be deduced
from a matched asymptotic expansion scheme. The main quantity of interest is the
Newman-Penrose scalar δψ4 defined in the Kinnersley tetrad adapted to the Kerr geome-
try. We refer the reader to [51] for a detailed derivation. In the following two subsections,
we will review how the observable large radius behavior of δψ4 can be expressed in terms
of a series of coefficients Blm(x∗) which encode the details of the source. We will also
present new formal identities (3.24) and (3.26) that allow to obtain the NHEK descrip-
tion in terms of a limit of the near-NHEK description.
3.1 Source in the NHEK region
For a source in the NHEK region, δψ4 asymptotes to
δψ4(rˆ →∞) = M
3
√
2π
∫ ∞
−∞
dΩ
∑
lm
Blm(x∗)KfarSlm(θ)eimφˆe− i2M (m+λ2/3Ω)uˆrˆ−1 (3.8)
where the asymptotic retarded time uˆ = tˆ−rˆ∗ is defined in terms of the asymptotic tortoise
coordinate rˆ∗, Slm(θ) are the extremal spheroidal harmonics with separation constants
Elm = l(l + 1) +O(m), and
Kfar ≡ (λ
2/3)hk1
1− (−iλ2/3Ω)2h−1k2 , (3.9)
k1 ≡ 2
ime−im/2Γ(2− 2h)
Γ(1− h + im− s) (im)
h−1+im−s
[
1− (−im)
2h−1
(im)2h−1
sin π(h+ im)
sin π(h− im)
]
, (3.10)
k2 ≡ (−2im)2h−1Γ(1− 2h)
2
Γ(2h− 1)2
Γ(h− im+ s)
Γ(1− h− im+ s)
Γ(h− im− s)
Γ(1− h− im− s) , (3.11)
h ≡ 1
2
(1 + sign(η2lm)ηlm), ηlm ≡
√
1− 7m2 + 4Elm. (3.12)
Here s = −2 is understood, but the expression generalizes to other spins.
The coefficients Blm(x∗) encode the details of the source. In the NHEK region, the
homogeneous solution to the radial equation outside of the source
RlmΩ(R)|R>R∗(τ) = Alm(x∗)W inlmΩ(R) +Blm(x∗)MDlmΩ(R) (3.13)
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is a linear combination of two Whittaker functions6
W inlmΩ(R) ≡ (−2iΩ)−hR−sWim+s,h−1/2(
−2iΩ
R
),
MDlmΩ(R) ≡ (−2iΩ)−hR−sMim+s,h−1/2(
−2iΩ
R
). (3.14)
We write the solution inside of the source as
RlmΩ(R)|R<R∗(τ) = (Alm(x∗) + Clm(x∗))W inlmΩ(R). (3.15)
The Wronskian is
W ≡ −(−2iΩ)1−2h Γ(2h)
Γ(h− im− s) . (3.16)
Outgoing boundary conditions imply
Alm = Blm
Γ(1− h− im− s)
Γ(1− 2h)( (−iλ2/3Ω)1−2h
k2
− 1)
. (3.17)
The problem of solving the Teukolsky problem at the leading order in the limit λ→ 0 is
therefore reduced to the problem of finding the Blm(x∗) coefficients in the NHEK solution
(3.13).
3.2 Source in the near-NHEK region
For a source in the near-NHEK region, δψ4 asymptotes to
δψ4(rˆ →∞) = M
3
√
2π
∫ ∞
−∞
dω
∑
lm
Blm(x∗)Kfarκ Slm(θ)eimφˆe−iωˆuˆrˆ−1 (3.18)
with
Kfarκ ≡
λhκ−hk1
1− λ2h−1k2 Γ(h−in+im)Γ(1−h−in+im)
, (3.19)
n ≡ ω
κ
+m. (3.20)
The source-dependent coefficient Blm(x∗) is determined from the homogenous solution to
the radial equation in near-NHEK
Rlmω(r)|r>r∗(τ) = Alm(x∗)Rinlmω(r) +Blm(x∗)RDlmω(r) (3.21)
6With respect to [51], we changed the normalization by a factor of (−2iΩ)−h. All other conventions
are unchanged.
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where the two independent solutions are the following hypergeometric functions
Rinlmω(r) = r−in/2−s(
r
2κ
+ 1)i(
n
2
−m)−s
2F1(h− im− s, 1− h− im− s, 1− in− s,− r
2κ
),
RDlmω(r) = r−h−s(
2κ
r
+ 1)i(
n
2
−m)−s
2F1(h− im− s, h− im+ in, 2h,−2κ
r
). (3.22)
The Wronskian is
Wκ ≡ −(2κ)
1−h−in/2Γ(2h)Γ(1− in− s)
Γ(h+ im− in)Γ(h− im− s) . (3.23)
The problem is again reduced to finding the Blm(x∗) coefficients in the near-NHEK solu-
tion (3.21).
In order to relate the expressions in near-NHEK to the NHEK expressions, note the
following limit,
lim
κ→0
κ2h−1
Γ(h− in+ im)
Γ(1− h− in + im) = (−iω)
2h−1. (3.24)
It implies the following formal limit
Kfar = lim
κ=λ1/3→0
Kfarκ
∣∣∣
ω 7→Ω
. (3.25)
It is then straightforward to show that the near-NHEK and NHEK solutions are related
as
W inlmΩ
W = limκ→0
Rinlmω
Wκ
∣∣∣
ω 7→Ω
. (3.26)
We can therefore only obtain the near-NHEK expressions, and perform the above limit
to obtain the NHEK results.
4 The circular (near-)NHEK orbit
We consider a circular orbit in near-NHEK spacetime. The orbit is characterized by its
near-NHEK energy e and angular momentum ℓ per unit probe mass µ = Mq. For a
circular orbit in NHEK spacetime, one can set κ = 0 and switch notation as r 7→ R,
t 7→ T , φ 7→ Φ, e 7→ E in order to obtain the explicit expressions in NHEK spacetime.
We will explicate most formulae only for the near-NHEK orbit.
The near-NHEK trajectory is
r = r0, θ =
π
2
, φ = −αr0t (4.1)
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where α is the rescaled angular velocity. The normalization condition u2 = −1 solved for
ut =
1
Mr0
√
8(1 + κ0)α− (3 + 4α2 + 6κ0 + 4κ20)
, uφ = −αr0ut, (4.2)
where we defined κ0 ≡ κr0 .
The NHEK trajectory is
R = R0, θ =
π
2
, Φ = −αR0T (4.3)
with
uT =
1
MR0
√−3 + 8α− 4α2 , u
Φ = −αR0uT . (4.4)
4.1 Solution to the MPD equations
We choose the orientation ǫtrθφ = +1. Assuming (2.11) and using the definitions of the
probe mass (2.32) and spin ratio (2.34), we obtain the following near-NHEK solution to
the MPD equations
Str =
(1 + κ0)χq
2
λ0
(1 +
6(1 + 2κ0)χq
λ20
+O(q2)), (4.5)
Srφ =
r0κ
2
0χq
2
λ0
(1 +
9(1 + κ0)
2(1 + 2κ0)χq
2κ20λ
2
0
+O(q2)), (4.6)
pt =
2q
r0λ0
(1 +
3(1 + κ0)
2χq
2λ20
+
(3(1 + κ0)
2(6 + 12κ0 + κ
2
0) + 2(−9 + κ0(−36− 36κ0 + κ30))κS2)χ2q2
2λ40
+O(q3)),
pφ = −3(1 + κ0)q
2λ0
(1 +
2κ20χq
λ20
+
(2κS2(−9− 36κ0 − 36κ20 + κ40) + 9 + 36κ0 + 57κ20 + 42κ30 + 4κ40)χ2q2
2λ40
+O(q3)),
α =
3
4
(1 + κ0)(1− χq
2
+
1
4
(4κS2 − 5)χ2q2 +O(q3)) (4.7)
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where λ0 =
√
3 + 6κ0 − κ20. The specific energy, angular momentum and non-invariant
mass are given by
e ≡ Q−∂t
µ
= −2Mr0κ
2
0
λ0
(1 +
(9 + 18κ0 + κ
2
0)χq
2λ20
+
(27(1 + κ0)
2(1 + 2κ0) + 2(−9 + κ0(−36− 36κ0 + κ30))κS2)χ2q2
2λ40
+O(q3)),(4.8)
ℓ ≡ Q∂φ
µ
=
2M(1 + κ0)
λ0
(1 +
(3 + κ0(6 + κ0))χq
λ20
+
(2κS2(−9 − 36κ0 − 36κ20 + κ40) + 9 + 36κ0 + 69κ20 + 66κ30)χ2q2
2λ40
+O(q3)),(4.9)
m = Mq(1 − (3 + 6κ0 + κ
2
0)κS2χ
2q2
λ20
+O(q3)). (4.10)
The only non-vanishing component of the spin vector is Sθ = −M3χq2 + O(q4). Since
the direction of Sz and Sθ are opposite for an equatorial orbit, the probe spin vector is
aligned with the Kerr spin for χ > 0 and anti-aligned for χ < 0. We checked that the
solution is the unique perturbation of the spinless equatorial circular orbit. This solution
matches the leading order high spin limit λ→ 0 of the solution provided in Section IV.A.
of [52] after specializing to probe black holes which have κS2 = 1 and after switching the
sign convention for the definition of Sµ → Sµtheir = −Sµ in (2.12). More precisely, our
qχ matches with their −sign(S∗Lz)S∗. Therefore, their probe spin vector is aligned with
the Kerr spin for χ < 0 and anti-aligned for χ > 0. The orbit considered is prograde
relative to the Kerr spin, sign(aLz) = +1. Note that all quantities in [52] are given in
Boyer-Linquist coordinates while ours are given in near-NHEK coordinates. They are
related by (3.5)-(3.6).
We note the relation
e = −
√
3κ
2
√
ℓ2 − ℓ2∗
(
1 +
1
2
(κS2 − 1)χ2q2
)
+O(q3). (4.11)
as well as
pt = mut +
6(1 + κ0)
2(κS2 − 1)χ2q3
r0λ30
+O(q4), (4.12)
pφ = muφ − 6κ
2
0(1 + κ0)(κS2 − 1)χ2q3
λ30
+O(q4). (4.13)
Therefore, the momentum is not aligned with muµ due to q3 corrections which are also
quadratic in the spin. In the special case where the compact object is a black hole,
κS2 = 1, p
µ = muµ + O(q4) and the spin supplementary conditions pµ = muµ and
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(2.14) are equivalent to (2.11) at this order. Another solution to the MPD equations for
circular orbits appeared in [53]. Their model is exactly the same as ours, including the
supplementary condition. Therefore our solution is the large spin limit of the one in [53].
Indeed, we checked that the velocity, momentum, spin, energy and angular momentum of
the equatorial circular orbits match with our solution for general κS2 up to O(q2) in the
high spin limit. From [53], we also infer that the ISCO radius is given by
R0 = 2
1/3 + 24/3χq +
27− 16κS2
25/3
(χq)2 +O(q3) (4.14)
in the high spin limit.
In NHEK spacetime, the specific energy and angular momentum are given by
E = 0, ℓ = ℓ∗[χq] ≡ 2M√
3
(1 + χq + (
1
2
− κS2)(χq)2) +O(q3) (4.15)
while the radius R0 is fixed as (4.14). This defines the critical specific angular momentum
ℓ∗ as function of the reduced intrinsic spin χq = SµM . This generalizes the point particle
definition ℓ∗[0] = 2√3M [51]. Following the change of coordinates between the NHEK co-
ordinates and Boyer-Linquist coordinates, the critical angular momentum can be defined
in terms of the asymptotically flat energy EˆISCO of the ISCO as
ℓ∗ =
EˆISCO
Ωext
(4.16)
where the black hole angular velocity at extremality is Ωext = (2M)
−1.
4.2 Reparametrization in terms of invariants
For a probe particle we can invert the relation between e, ℓ and κ0, r0 to obtain
κ0 = κ00[ℓ] ≡
(
2ℓ√
3(ℓ2 − ℓ2∗[0])
− 1
)−1
, r0 = r00[e, ℓ] ≡ −e
ℓ
1 + κ00[ℓ]
κ200[ℓ]
. (4.17)
After including the multipole moments, we instead have
κ0 = κ00(1 +
∑
i≥1
κ0iq
i), r0 = r00(1 +
∑
i≥1
r0iq
i) (4.18)
which we can solve iteratively for the correction coefficients. We find the convenient form
κ0 =
(
−1 + 2ℓ√
3(ℓ2 − ℓ2∗)
(1 +
χq
2
+ (1− κS2
2
)χ2q2)
)−1
+O(q3), (4.19)
r0 = −e
ℓ
1 + κ0
κ20
(1− χq
2
− χ
2q2
4
) +O(q3). (4.20)
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After some algebra, we can rewrite the solution in a simple form in terms of invariants as
Str =
ℓχq2√
3ℓ∗
(1 + 2χq) +O(q4), (4.21)
Srφ = − eχq
2
√
3ℓ∗
(1 +
2χq
1− ℓ2∗
ℓ2
) +O(q4), (4.22)
pt = −
√
3ℓ∗q
2e
(
ℓ2
ℓ2∗
− 1)(1− χ
2q2
2
) +O(q4), (4.23)
pφ = −
√
3ℓq
2ℓ∗
(1 + (
1
2
− κS2)χ2q2) +O(q4), (4.24)
m = Mq(1 − κS2
2
(
ℓ2
ℓ2∗
+ 1)χ2q2) +O(q4), (4.25)
α
κ0
=
√
3ℓ
2
√
ℓ2 − ℓ2∗
(1 +
1
2
(κS2 − 1)χ2q2) +O(q3). (4.26)
In the NHEK case, the analogue solution reads
Str =
χq2√
3
(1 + 2χq) +O(q4), (4.27)
Srφ =
√
3R0χ
2q3
2
+O(q4), (4.28)
pt =
2q√
3R0
(1 +
1
2
χq + (1− κS2)χ2q2) +O(q4), (4.29)
pφ = −
√
3q
2
(1 + (
1
2
− κS2)χ2q2) +O(q4), (4.30)
m = Mq(1− κS2χ2q2) +O(q4), (4.31)
α =
3
4
(1− χq
2
+ (κS2 − 5
4
)χ2q2 +O(q3)). (4.32)
Formally, one can obtain the NHEK result from the near-NHEK result by defining the
NHEK radius R0 as
κ =
√
3R0
2
√
ℓ2
ℓ2∗
− 1 (4.33)
and performing the limit ℓ→ ℓ∗ at R0 fixed. The near-NHEK energy e defined in (4.11)
then vanishes in the limit, which gives the NHEK energy E = 0. The substitution of the
near-NHEK energy combined with the definition (4.33) allows to cancel the pole and zero
in (4.22)-(4.23) and to correctly recover (4.28)-(4.29).
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4.3 Stress-tensor
It is clear from the explicit solution of the circular near-NHEK orbit that pµ, Sµν are
independent of the coordinates. We can therefore straightforwardly integrate (2.18) using
t as time on the worldline. There are maximallyN derivatives acting on the delta functions
when the 2N multipoles are included. This leads to an expression of the form
T µν =
i+j+k≤N∑
i,j,k≥0
T µνijkδ
(i)(r − r0)δ(j)(θ − π
2
)δ(k)(φ+ αr0t). (4.34)
Following the notations of [51], the right-hand side of the Teukolsky equation is given for
spin s = 2 by T(2) = −2T0 and for spin −2 by T(−2) = −2ρ−4T4 where ρ = −(rˆ−ia cos θ)−1
and T0 and T4 are given in (A.29)-(A.30) of [51]. This leads to
T4 =
i+j+k≤N+2∑
i,j,k≥0
t4ijkδ
(i)(r − r0)δ(j)(θ − π
2
)δ(k)(φ+ αr0t), (4.35)
T0 =
i+j+k≤N+2∑
i,j,k≥0
t0ijkδ
(i)(r − r0)δ(j)(θ − π
2
)δ(k)(φ+ αr0t). (4.36)
The Teukolsky equation with source terms (4.35) and (4.36) can be solved by sepa-
ration of variables. The angular part of the waveform satisfies the differential equation
1
sin θ
d
dθ
(
sin θ
dSlm
dθ
)
+
[
m2
4
cos2 θ −ms cos θ −
(
m2 + 2ms cos θ + s2
sin2 θ
)
+ Elm
]
Slm = 0
(4.37)
in which the separation constant Elm is independent of ω. The disappearence of the
frequency in this angular equation is due to the locking of the frequency in terms of the
angular mode m due to the kinematics of the near-horizon region: ωˆ = m
2M
+O(λ). The
angular equation can be obtained either from the Teukolsky equation in Kerr at leading
order in the high spin limit or directly from the Teukolsky equation in the NHEK or near-
NHEK background, see Appendix A of [51] for details. Since the separation constant is
independent from ω, it can be solved numerically independently from the radial problem.
Its solutions are called the extremal spin-weighted spheroidal harmonic functions.
To solve the radial Teukolsky equation, we need to expand the stress-tensor source in
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terms of the extremal spin-weighted spheroidal harmonic functions as
−2TlmΩ˜(r) = −4M2
∫ 2π
0
dφe−im(φ−ω˜t)
∫ π
0
dθ sin θSlm(θ)(1 + cos
2 θ)(1− i cos θ)4T4
= q
N+2∑
i=0
−2ti
ri+30
M4
δ(i)(r − r0); (4.38)
+2TlmΩ˜(r) = −4M2
∫ 2π
0
dφe−im(φ−ω˜t)
∫ π
0
dθ sin θSlm(θ)(1 + cos
2 θ)T0
= q
N+2∑
i=0
+2ti r
i−1
0 δ
(i)(r − r0). (4.39)
The computation of the stress-tensor including up to quadrupole moment contributions
amounts to finding the 10 coefficients sti for s = ±2, i = 0, . . . 4. Note that upon
substituting κ = r0κ0 and expressing all quantities in terms of r0, κ0,M , the powers of r0
andM factor in the stress-tensor. We defined the coefficients sti so that they only depend
upon the product qχ, κ0 and m. Explicitly, we need to compute
q−2ti ri+30 =−4M6
N+2−i∑
k≥0
(im)k
N+2−i−k∑
j≥0
(−1)j ∂
j
∂θj
[sin θSlm(θ)(1 + cos
2 θ)(1− i cos θ)4t4ijk]|θ=pi2 ;
q+2ti r
i−1
0 =−4M2
N+2−i∑
k≥0
(im)k
N+2−i−k∑
j≥0
(−1)j ∂
j
∂θj
[sin θSlm(θ)(1 + cos
2 θ)t0ijk]|θ=pi2 . (4.40)
The result is displayed in Appendix A. The coefficients for the NHEK case are simply
obtained by setting κ0 = 0.
4.4 Solution to the radial Teukolsky equation
For circular orbits in near-NHEK equatorial plane, the radial Teukolsky differential equa-
tion for ψ4 takes the form (B.1) with (B.13) where the source T (r) = −2TlmΩ˜(r) is a
sum of derivatives of delta functions as obtained in (4.38). Our goal is to find the Blm
coefficients in (3.21) as a function of the source parameters, namely the specific angular
momentum ℓ, the specific near-NHEK energy e, the mass ratio q and the intrinsic spin
over mass square ratio χ. The black hole mass M gives the overall scale. The spin J does
not appear in Blm since we already truncated the Teukolsky perturbation by keeping only
the leading order contribution close to maximal spin for each l, m in (3.18).
The Blm coefficients are exactly the X2 coefficients of the general solution (B.3) given
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in (B.5) with ai = qM
−4ri+30 −2ti. Explicitly, we find
Blm(x∗) =
q
WκM4r0
{ Rinlmω(r0)
(1 + 2κ0)2
[
−2t4
( V 2(r0)
(1 + 2κ0)2
+
r20V
′′(r0)
1 + 2κ0
)
− b3 r0V
′(r0)
1 + 2κ0
+b0 + b2
V (r0)
1 + 2κ0
]
+
r0Rin′lmω(r0)
(1 + 2κ0)2
[
− b1 + 2−2t4 r0V
′(r0)
1 + 2κ0
− b˜3 V (r0)
1 + 2κ0
]}
(4.41)
where
b0 = −2t0 + 4
1 + κ0
1 + 2κ0
−2t1 + 4
5 + 10κ0 + 6κ
2
0
(1 + 2κ0)2
−2t2 + 24
(1 + κ0)(5 + 10κ0 + 8κ
2
0)
(1 + 2κ0)3
−2t3
+24
35 + 140κ0 + 252κ
2
0 + 224κ
3
0 + 80κ
4
0
(1 + 2κ0)4
−2t4,
b1 = −2t1 + 6
1 + κ0
1 + 2κ0
−2t2 + 2
19 + 38κ0 + 24κ
2
0
(1 + 2κ0)2
−2t3 + 16
(1 + κ0)(17 + 34κ0 + 30κ
2
0)
(1 + 2κ0)3
−2t4,
b2 = −2t2 + 12
1 + κ0
1 + 2κ0
−2t3 + 2
61 + 122κ0 + 72κ
2
0
(1 + 2κ0)2
−2t4, (4.42)
b3 = −2t3 + 18
1 + κ0
1 + 2κ0
−2t4,
b˜3 = −2t3 + 16
1 + κ0
1 + 2κ0
−2t4.
The coefficients −2ti are written in Appendix A and the Wronskian Wκ is given in (3.23).
The final Teukolsky perturbation takes the form
δψ4(rˆ →∞) = 1
rˆ
∑
l,m
M3Blm(x∗)Kfarκ Slm(θ)eimφˆ−iωˆuˆ (4.43)
where Kfarκ is defined in (3.20) and n = m(1− ακ0 ). We define R˜inlmω(κ0) from
Rinlmω(r0) = r−
in
2
−s
0 R˜inlmω(κ0). (4.44)
We can then explicitly check that all powers of r0 exactly cancel between the Wronskian,
Kfarκ and Blm. The final Teukolsky perturbation is therefore independent of r0. We now
substitute κ0 = κ0(
ℓ
ℓ∗
, χ, q; κS2) using (4.19) and α/κ0 = α/κ0(
ℓ
ℓ∗
, χ, q; κS2) using (4.26).
The metric perturbation is related to the curvature perturbation as δψ4 → 12∂2tˆ (h+ −
ih×) when rˆ →∞. Since the oscillation timescale is locked at ωˆ = m/(2M) at the leading
order in λ, we can directly integrate for each mode m to get h+ − ih× = −8M2/m2δψ4.
The metric perturbation at infinity is therefore given by
h+ − ih× = µ
rˆ
∑
l,m
Alm( ℓ
ℓ∗
, χq;λ, κS2)Slm(θ)e
imφˆ−iωˆuˆ (4.45)
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where µ = qM and Alm = −8 M4qm2Blm(x∗)Kfarκ is independent of M . This is our main
result.
When the source is in NHEK instead of near-NHEK, ℓ = ℓ∗ and the result takes the
form
h+ − ih× = µ
rˆ
∑
l,m
Alm(χq;λ, κS2)Slm(θ)eimφˆ−iωˆuˆ (4.46)
with Alm = −8 M4qm2Blm(x∗)Kfar where Blm is defined as (4.41) with the following replace-
ment,
κ0 7→ 0, Rinlmω 7→ W inlmΩ, Wκ 7→ W. (4.47)
It turns out convenient to express the final answer in terms of B˜lm(x
∗) defined asBlm(x∗) =
− qm2
8M4
Rh0B˜lm(x
∗). Explicitly,
B˜lm(x∗) = − 8
(WR2h−10 )m2
{
Rh−20 W inlmΩ(R0)
[
−2t4
(
V 2(R0) +R
2
0V
′′(R0)
)
− b3R0V ′(R0)
+b0 + b2V (R0)
]
+Rh−10 W in′lmΩ(R0)
[
− b1 + 2−2t4R0V ′(R0)− b˜3V (R0)
]}
(4.48)
where Ω = −αmR0 and
b0 = −2t0 + 4(−2t1 + 5(−2t2 + 6(−2t3 + 7−2t4))),
b1 = −2t1 + 6−2t2 + 38−2t3 + 272−2t4,
b2 = −2t2 + 12−2t3 + 122−2t4, (4.49)
b3 = −2t3 + 18−2t4,
b˜3 = −2t3 + 16−2t4.
All the coefficients −2ti are understood to be evaluated at κ0 = 0 in NHEK. As near-NHEK
case, we can define W˜ inlmΩ
W inlmΩ(R0) = R−h+20 W˜ inlmΩ. (4.50)
As a result, we obtain the following scaling
B˜lm ∝ R00, Alm ∝ Rh0 . (4.51)
Since the NHEK coordinate R can be mapped to far region coordinate xˆ = rˆ−rˆ+
rˆ+
by
xˆ = λ2/3R, the amplitude is proportional to xˆh0 = (2λ
2)h/3 and finally reads as
Alm(χq;λ, κS2) = k1xˆ
h
0B˜lm
1− (imαxˆ0)2h−1k2 . (4.52)
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5 Generic equatorial orbits from conformal symme-
try
So far, we only described the circular orbits on the equatorial plane of near-NHEK and
NHEK. Let us denote these orbits respectively as Circular(ℓ) and Circular∗ as in [51]. We
showed that these orbits are the only finite size deformations of the equatorial circular
orbits of a spinless particle. It turns out that the resulting spin is aligned to the orbital
angular momentum. Now, all equatorial orbits can be classified under the action of the
conformal group SL(2,R)×U(1)×PT . It was shown in [51] that all plunging or osculating
orbits entering into the near-NHEK or NHEK region are conformally related to a circular
equatorial orbit, either Circular(ℓ) or Circular∗. Such conformal transformations either
preserve the NHEK or near-NHEK metric or transform one metric into the other. The
same conformal maps apply to the orbits with finite size corrections. Indeed, a conformal
transformation will transform covariantly the momenta and spin tensor, but since the
MPD equations are covariant the resulting tensors will remain a solution to the MPD
equations in either near-NHEK or NHEK. While we do not prove completeness here, we
expect that any equatorial orbit can be obtained by applying one of the conformal maps
listed in Appendix B.3. of [51].
The Teukolsky waveforms for a generic equatorial orbits were obtained from the con-
formal map in terms of the circular orbit waveforms in [51]. Finite size corrections are
simply included by upgrading the physical parameters such as the energy, specific angular
momentum and frequency as well as the coefficients of the radial Teukolsky equation of
circular orbits to include finite size corrections. The time dependence of the waveform
in the leading order high spin limit is entirely determined by the conformal class of the
orbit. Finite size corrections will amount to a field redefinition of the parameters of the
waveform in terms of the physical parameters (energy, angular momentum and spin).
6 Properties of the observables
We obtained the amplitude (4.45) for a circular equatorial orbit in the high spin limit.
Let us now discuss its properties.
6.1 Frequency shift
The frequency of emitted gravitational waves is locked by the kinematics to be around
the extremal value
ωˆext =
m
2M
. (6.1)
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For a circular orbit in NHEK and in the high spin limit, the frequency is given by
ωˆ =
m
2M
(1− λ2/3αR0) (6.2)
where R0 ought to be fixed to the ISCO (4.14) once the NHEK region has been glued to
the asymptotically flat region. This follows from the change of coordinates between the
NHEK region and the asymptotically flat region (3.5). Using (4.32), the relative shift of
angular frequency with respect to the extremal limit is always negative and given by
ωˆ − ωˆext
ωˆext
= λ2/3(− 3
25/3
− 9
4× 22/3χq +
9(−3 + 2κS2)
4× 22/3 (χq)
2 +O(q3)). (6.3)
We observe that a positive secondary spin tends to slightly lower this relative shift.
For a circular orbit in near-NHEK, φ = −αr0t and the wave perturbation has a
frequency ω = mω˜ with ω˜ = −αr0. In terms of the asymptotically flat Boyer-Linquist
frame, the frequency is
ωˆ =
m
2M
(1− λ α
κ0
). (6.4)
We therefore find the relative shift of angular frequency
ωˆ − ωˆext
ωˆext
= −
√
3
2
λ√
1− ℓ2∗
ℓ2
(1 +
1
2
(κS2 − 1)χ2q2) +O(q3). (6.5)
As already observed in [51], the description of the near-NHEK orbit displays a critical
behavior in the limit ℓ → ℓ∗, which appears in physical quantities such as the frequency
shift (6.5). One natural question is whether the enhancement factor
1√
1− ℓ2∗
ℓ2
(6.6)
may actually lead to divergences.
We now observe from (6.4) that the near-NHEK approximation requires that α
κ0
≪
λ−1. Using (4.26), this amounts to
λ√
1− ℓ2∗
ℓ2
≪ 1. (6.7)
Therefore, the critical behavior ℓ→ ℓ∗ is never exactly reached for a given near-extremality
parameter λ. Yet, for λ very small, there is a large enhancement factor since one can reach
a value close to ℓ∗ while remaining within the near-NHEK approximation.
The frequency shift (6.5) is maximal at the closest angular momentum ℓ to the critical
one ℓ∗ where the near-NHEK approximation is valid. It is minimal in the limit of large
angular momentum ℓ→∞. Interestingly, for a black hole with κS2 = 1, the spin-induced
quadrupole only contributes to the frequency shift through the shift of the critical specific
angular momentum (4.15).
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6.2 Amplitude
As already noticed in [35, 59, 90], the leading contribution to the amplitude is ∼ √λ and
comes from the modes l, m with weight
h =
1
2
− iζlm, ζlm > 0. (6.8)
In the high spin limit, only these modes are relevant. Hence, we neglect the other modes.
For the near-NHEK circular orbit, we observe that the amplitude displays the following
critical behavior
limℓ→ℓ∗Alm(
ℓ
ℓ∗
, χq, λ, κS2) ∼

 λ√
1− ℓ2∗
ℓ2


1/2
. (6.9)
This extends the observation of [51] to particles with spin and quadrupole. Now, we
showed in the previous section the existence of the small parameter (6.7) for the near-
NHEK approximation to be valid. The interpretation of this critical behavior is therefore
that there is an amplitude enhancement with a power law behavior ∼ (1 − ℓ2∗
ℓ2
)−1/4 that
partially compensate the redshift of the amplitude ∼ √λ due to the existence of the
NHEK region. The final amplitude is always finite. In that sense, the critical behavior
is capped due to the matching with the asymptotically flat region. This is in essence the
physics of a capped AdS2 region.
For λ small but finite, one could use either the NHEK or the near-NHEK description
of the amplitude and there should therefore be a map between the two descriptions. The
near-NHEK critical behavior can be understood in terms of the NHEK amplitude as
follows. The change of coordinate between the Boyer-Linquist coordinate xˆ = rˆ−rˆ+
rˆ+
and
near-NHEK coordinate r (3.6) implies that
xˆ0 =
λ
κ0
= λ(
2ℓ√
3(ℓ2 − ℓ2∗)
(1 +
χq
2
+ (1− κS2
2
)χ2q2 +O(q3))− 1) (6.10)
where we used (4.19). Therefore, we can rewrite the scaling behavior in terms of the
exterior quantity xˆ0 as
limℓ→ℓ∗Alm(
ℓ
ℓ∗
, χq, λ, κS2) ∼ xˆ1/20 . (6.11)
We now see the agreement with the NHEK amplitude (4.52) valid at ℓ = ℓ∗ after taking
into account xˆ0 ≪ 1 and Re(h) = 12 for the dominant contribution at high spin.
The ringdown has particular features in the high spin regime. The spectrum of quasi-
normal modes splits in the near-extremal limit into damped modes in the asymptotically
flat region, and into zero-damped modes in the near-horizon region [91]. The presence
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of zero-damped modes in the near-horizon region leads to polynomial quasi-normal mode
ringing due to harmonic stacking of overtones [92]. As discussed in [51], this polynomial
ringing gets emitted for geodesic plunges and leads to a “smoking gun” signature of
the gravitational wave emission from a plunging source into a high spin black hole (see
also [93]). More precisely, for a face-on collision, only them = l = 2 harmonic contributes,
while for an edge-on collision all harmonics m, l that have a real part of the conformal
weight equal to a half significantly contribute with a contribution that decays with l.
These features are identical after finite size corrections, since the angular dependence of
the waveform remains unchanged.
6.3 Energy fluxes
The energy fluxes at the ISCO are crucial to determine the leading order orbit of the
infalling compact object in the central black hole. Since the ISCO is in NHEK spacetime,
we now specialize to this case only. The ISCO, or, in our notation, the Circular∗ orbit
is parametrized by the spin χ, the mass ratio q and the radius R0. Before the spin
corrections, the ISCO is located at R0 = 2
1/3 as one can check using the matching with the
asymptotically flat region. The ISCO is affected by the spin and quadrupole corrections.
Now, we have shown that B˜lm is independent of R0, and it is also the case of Kfar since
it is a quantity independent of the source. The physical quantities will therefore be
independent on R0 and we will set for definiteness R0 = 2
1/3 in numerical computations.
The fluxes at infinity and at the horizon are given in the high spin approximation
by [51, 94] (
dE
dtˆ
)∞
=
∑
l,m
2
m2
|M4BlmKfar|2 = q2
∑
l,m
m2
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|B˜lmRh0Kfar|2; (6.12)
(
dE
dtˆ
)H
= −λ2/3
∑
l,m
2|m| e−π|m|−π sign(m)ζlm∏3
k=0(m
2 + (h− 2 + k)2) |M
4(Clm + Alm)|2 (6.13)
where the summation is only for modes l, m with Re(h) = 1
2
, see (6.8). In particular,
m 6= 0. The radial solution is written in (B.3) with X1 7→ Clm, X2 7→ Blm and Y1 7→ Alm.
Here, Alm is given in terms of Blm in (3.17) and Clm is written as Blm withW in exchanged
with MD at W fixed, namely
Clm =
q
WM4R0
{
MDlmΩ(R0)
[
−2t4
(
V 2(R0) +R
2
0V
′′(R0)
)
− b3R0V ′(R0)
+b0 + b2V (R0)
]
+R0MD′lmΩ(R0)
[
− b1 + 2−2t4R0V ′(R0)− b˜3V (R0)
]}
. (6.14)
Here, the bi coefficients are given in (4.49). In the absence of finite size effects, we explicitly
checked that the formulae (6.12)-(6.13) exactly match with Eq. (76)-(77) of [59]. The
sign in front of (6.13) reflects that all modes m 6= 0 are superradiant.
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After a numerical evaluation taking into account all harmonics from l = 2 up to l = 50,
we obtain the following fluxes(
dE
dtˆ
)∞
= q2xˆ0
(
a∞(0) + a
∞
(1)χq + (a
∞
(2) + a˜
∞
(2)κS2)(χq)
2 +O(q3)
)
; (6.15)
(
dE
dtˆ
)H
= q2xˆ0
(
aH(0) + a
H
(1)χq + (a
H
(2) + a˜
H
(2)κS2)(χq)
2 +O(q3)
)
(6.16)
where xˆ0 = (2λ
2)1/3 and
a∞(0) = 0.987 ; a
H
(0) = −0.13285 ; (6.17)
a∞(1) = −0.409 ; aH(1) = 0.28780 ; (6.18)
a∞(2) = 0.784 ; a
H
(2) = −0.03169 ; (6.19)
a˜∞(2) = 2.889 ; a˜
H
(2) = −0.70616 . (6.20)
Additional accuracy is possible for the horizon coefficients thanks to exponential conver-
gence for large m. We numerically find that the coefficients do not depend upon λ within
numerical error. The λ dependence is highly subleading as already noticed in Section 5
of [51]. The first two coefficients a∞(0) and a
H
(0) both agree with [55]. The two coefficients
a∞(1) and a
H
(1) characterize the leading order spin corrections while a
∞
(2) and a
H
(2) characterize
the subleading order spin corrections. The remaining two coefficients a˜∞(2) and a˜
H
(2) char-
acterize the leading order finite size effect from the quadrupole. These flux expressions
allow to derive the leading order of the near-horizon equatorial inspiral including finite size
effects, which straightforwardly generalizes the point-particle equatorial inspiral of [55].
We will further comment on the structure of (6.15)-(6.16) and its arbitrary finite size
corrections at leading order in the high spin regime λ ≪ 1. For a nearly extremal black
hole, the spin of the central massive black hole is determined in terms of the mass as
J = M2 up to λ corrections. The mass M gives the overall scale of any result. The probe
mass and spin can be expressed in terms of the adimensional quantities q and χ. Note
that q is a small parameter while −1 ≤ χ ≤ 1. For a probe black hole, all multipole
moments are determined by the mass and spin or, equivalently, by q, χ. The 2N -multipole
arises exactly at order qNχN with respect to the particule leading order result since it
is proportional to the spin to the N -th power and since it is suppressed by qN . The
energy fluxes at the horizon or at infinity sourced by a black hole including all finite size
corrections (but no self-force effects) therefore take the form
(
dE
dtˆ
)∞,H
= q2xˆ0F∞,H(χq) (6.21)
at the leading order in λ.
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7 Conclusion
We derived the Teukolsky perturbation at leading order in the high spin regime of a
finite size compact object orbiting a circular equatorial orbit in the near-horizon region
of a highly spinning massive black hole. This extends the result derived in NHEK [59]
and in near-NHEK [51] for a point particle to a spinning particle with spin induced
quadrupole. We determined along the way how to recover NHEK results in terms of a
limit from the near-NHEK results. We also indicated how the Teukolsky perturbation
can be obtained for plunging equatorial orbits using conformal SL(2,R) × U(1) × PT
transformations following the method of [57] and its classification [51]. We discussed the
spin and quadrupole corrections to the frequency of emission and to the amplitude. We
obtained the flux formulae at the horizon and at infinity, which generalizes the fluxes
obtained in [55, 59] to include spin and quadrupole couplings. Our results cannot be
directly compared with post-Newtonian results since we use the strong-field (near-)NHEK
spacetime as background geometry of the ISCO orbit.
Finite size effects allow to distinguish black holes from neutron stars in precise gravita-
tional wave observations. In particular, the measurement of κS2 , the amplitude of the spin
induced quadrupole, encodes information about the internal structure of neutron stars.
Theoretically, black holes are very special as we have noticed in (4.11), (4.12), (4.13) and
(6.5). The spin induced quadrupole exactly cancels the subleading order spin effect in
these expressions. We expect that similar cancellations will occur at subleading orders.
This motivates us to solve in the future the MPD equations for black hole coalescences
including the entire spin-induced multipole tower.
Our study focused on binary systems with a central compact object being of extremely
high spin. The semi-analytic results presented in this work allow for new consistency tests
of numerical codes in the high spin limit. Our analytic results need to be further extended
in several directions to achieve the goal of providing accurate modeling of intermediate
mass-ratio coalescences. First, the first and second order self-force needs to be included,
which is a formidable task. Second, the quasi-circular and equatorial hypotheses need
to be relaxed in order to model eccentric and inclined orbits (for recent work in that
direction see e.g. [95–97]). Finally, the leading high spin limit needs to be extended to
include perturbative corrections away from maximal spin while preserving a high level of
analytic control. The result of this paper is only one milestone in this research program,
which will be continued elsewhere.
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A Coefficients of the radial source in near-NHEK
The −2ti and +2ti coefficients, i = 0, . . . 4, determining the source of the radial Teukolsky
equation corresponding to the circular equatorial orbit in near-NHEK in the extreme mass
ratio limit and including spin and quadrupole couplings are given by
sti = st
(0)
i + st
(1)
i χq + st
(2)
i (χq)
2 +O(q3) (A.1)
where the coefficients are
−2t
(0)
3 = −2t
(0)
4 = −2t
(1)
4 = +2t
(0)
3 = +2t
(0)
4 = +2t
(1)
4 = 0; (A.2)
−2t
(0)
0 = −
1
128λ0
[(−m2(−3 − 6κ0 + κ20)2 + 64(5 + 20κ0 + 25κ20 + 10κ30 + 2κ40)
−8im(−3 − 12κ0 − 20κ20 − 16κ30 + 3κ40))Slm(
π
2
) + (−128i+ 48m− 512iκ0
+192mκ0 − 768iκ20 + 176mκ20 − 512iκ30 − 32mκ30)S ′lm(
π
2
)− 64(1 + 2κ0)2S ′′lm(
π
2
)];
−2t
(1)
0 = −
1
256λ30
[(−im3(−3 − 6κ0 + κ20)3 +m2(−3− 6κ0 + κ20)2(−11− 22κ0 + 29κ20)
+16imκ20(39 + 156κ0 + 110κ
2
0 − 92κ30 + 11κ40) + 64(−123− 738κ0 − 1514κ20
−1136κ30 − 81κ40 + 142κ50 + 2κ60))Slm(
π
2
) + 2i(m2(−7 − 14κ0 + κ20)(−3− 6κ0
+κ20)
2 + 24im(−6− 36κ0 − 55κ20 + 20κ30 + 60κ40 − 16κ50 + κ60)− 64(−30
−180κ0 − 361κ20 − 244κ30 + 3κ40 + 14κ50 + 2κ60))S ′lm(
π
2
) + 16i(1 + 2κ0)(m(−3
−6κ0 + κ20)2 + 4i(−3− 12κ0 − 19κ20 − 14κ30 + 4κ40))S ′′lm(
π
2
)];
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−2t
(2)
0 =
1
4096(1 + 2κ0)λ50
[(κS2(−3− 6κ0 + κ20)(m4(−3− 6κ0 + κ20)4 + 24im3(−3− 6κ0
+κ20)
3(−1 − 2κ0 + κ20)− 1536im(15 + 120κ0 + 361κ20 + 486κ30 + 247κ40 − 12κ50
−19κ60 + 2κ70)− 2048(−183− 1464κ0 − 4480κ20 − 6384κ30 − 3927κ40 − 476κ50
+234κ60 + 12κ
7
0)− 64m2(9 + 72κ0 + 186κ20 + 108κ30 − 189κ40 − 132κ50 + 96κ60
−24κ70 + 2κ80))− 24i(1 + κ0)2(1 + 2κ0)(3m3(−3− 6κ0 + κ20)3 + 2im2(−3− 6κ0
+κ20)
2(−53 − 106κ0 + 30κ20)− 64i(−339− 2034κ0 − 3874κ20 − 1936κ30 + 819κ40
+86κ50 + 2κ
6
0)− 8m(−585− 3510κ0 − 6291κ20 − 1764κ30 + 2645κ40 − 542κ50
+31κ60)))Slm(
π
2
) + (16κS2(1 + 2κ0)(−3− 6κ0 + κ20)(m3(−3− 6κ0 + κ20)3
+20im2(−3− 6κ0 + κ20)2(−1− 2κ0 + κ20)− 32mκ20(15 + 60κ0 + 52κ20 − 16κ30
+κ40) + 256i(−42− 252κ0 − 527κ20 − 428κ30 − 81κ40 + 22κ50 + 2κ60)) + 48i(1
+κ0)
2(1 + 2κ0)(m
2(−3 − 6κ0 + κ20)2(−13− 26κ0 + 3κ20)− 64(57 + 342κ0 + 680κ20
+440κ30 − 41κ40 − 50κ50 + 2κ60) + 24im(−33− 198κ0 − 358κ20 − 112κ30 + 137κ40
−30κ50 + 2κ60)))S ′lm(
π
2
) + (64κS2(1 + 2κ0)
2(−3 − 6κ0 + κ20)(8im(−3− 6κ0
+κ20)
2 +m2(−3 − 6κ0 + κ20)2 + 32(−15− 60κ0 − 65κ20 − 10κ30 + 4κ40)) + 384i(1
+κ0)
2(1 + 2κ0)
2(m(−3 − 6κ0 + κ20)2 − 8i(−15− 60κ0 − 52κ20 + 16κ30)))S ′′lm(
π
2
)];
−2t
(0)
1 = −
i(1 + κ0)(1 + 2κ0)
16λ0
[(16i(1 + κ0)
2 +m(−3 − 6κ0 + κ20))Slm(
π
2
)
+8(1 + 2κ0)S
′
lm(
π
2
)];
−2t
(1)
1 =
(1 + κ0)(1 + 2κ0)
64λ30
[(m2(−3− 6κ0 + κ20)2 − 4im(27 + 108κ0 + 96κ20 − 24κ30 + κ40)
+32(−72− 288κ0 − 287κ20 + 2κ30 + 13κ40))Slm(
π
2
)− 4(m(−3− 6κ0 + κ20)2
+16i(−12− 48κ0 − 46κ20 + 4κ30 + κ40))S ′lm(
π
2
) + 16(3 + 12κ0 + 11κ
2
0
−2κ30)S ′′lm(
π
2
)];
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−2t
(2)
1 =
(1 + κ0)
512λ50
[(κS2(−3− 6κ0 + κ20)(−im3(−3 − 6κ0 + κ20)3 + 12m2(3 + 9κ0 + 5κ20
−κ30)2 + 768(−77− 462κ0 − 944κ20 − 696κ30 − 69κ40 + 22κ50 + 2κ60)− 32im(90
+540κ0 + 1059κ
2
0 + 636κ
3
0 − 102κ40 − 36κ50 + 5κ60))− 24(1 + 2κ0)(m2(−3 − 6κ0
+κ20)
2(−1 − 2κ0 + κ20) + im(−297− 1782κ0 − 3333κ20 − 1452κ30 + 877κ40 − 94κ50
+κ60)− 16(−225− 1350κ0 − 2745κ20 − 1980κ30 − 111κ40 + 138κ50 + κ60)))Slm(
π
2
)
+(−8iκS2(1 + 2κ0)(−3− 6κ0 + κ20)(−16im(−3 − 6κ0 + κ20)2 +m2(−3− 6κ0
+κ20)
2 + 32(−87− 348κ0 − 365κ20 − 34κ30 + 16κ40)) + 96(1 + 2κ0)(m(−3− 6κ0
+κ20)
2(−1 − 2κ0 + κ20) + 4i(51 + 306κ0 + 643κ20 + 532κ30 + 98κ40
−52κ50 + 2κ60)))S ′lm(
π
2
) + (−1024κS2(1 + 2κ0)2(−3− 6κ0 + κ20)2
−768(1 + 2κ0)3(−3− 6κ0 + κ20))S ′′lm(
π
2
)];
−2t
(0)
2 = −
(1 + κ0)
2(1 + 2κ0)
2Slm(
π
2
)
8λ0
;
−2t
(1)
2 =
i(1 + 2κ0)
2
16λ30
[(m(−3− 6κ0 + κ20)2 + i(−159− 636κ0 − 714κ20 − 156κ30
+49κ40))Slm(
π
2
) + 2(−15− 60κ0 − 58κ20 + 4κ30 + κ40)S ′lm(
π
2
)];
−2t
(2)
2 = −
(1 + 2κ0)
64λ50
[(κS2(−3− 6κ0 + κ20)(m2(1 + 2κ0)(−3− 6κ0 + κ20)2
−2im(−3 − 6κ0 + κ20)2(11 + 22κ0 + 9κ20) + 48(−53− 318κ0 − 683κ20 − 612κ30
−184κ40 + 8κ50 + 6κ60)) + 6i(1 + κ0)2(1 + 2κ0)(m(−3 − 6κ0 + κ20)2 − i(−573
−2292κ0 − 2080κ20 + 424κ30 + κ40)))Slm(
π
2
) + (−4κS2(−3− 6κ0 + κ20)(−3− 12κ0
−11κ20 + 2κ30)(m(−3− 6κ0 + κ20) + 4i(15 + 30κ0 + 13κ20)) + 12i(1 + κ0)2(−11
−22κ0 + κ20)(−3− 12κ0 − 11κ20 + 2κ30))S ′lm(
π
2
)
−16κS2((3 + 12κ0 + 11κ20 − 2κ30)2)S ′′lm(
π
2
)];
−2t
(1)
3 = −
(1 + κ0)(1 + 2κ0)
3
4λ0
Slm(
π
2
);
−2t
(2)
3 =
(1 + κ0)(1 + 2κ0)
2
32λ30
[(iκS2(−3− 6κ0 + κ20)(m(−3− 6κ0 + κ20) + 4i(13 + 26κ0
+9κ20))− 48(1 + 2κ0)2)Slm(
π
2
)− 8iκS2(3 + 12κ0 + 11κ20 − 2κ30)S ′lm(
π
2
)];
−2t
(2)
4 = −
(1 + κ0)
2(1 + 2κ0)
3κS2Slm(
π
2
)
16λ0
;
30
+2t
(0)
0 = −
1
32(1 + 2κ0)2λ0
[(128(1 + 2κ0)
2 −m2(−3− 6κ0 + κ20)2 − 8im(−9 − 36κ0
−36κ20 + κ40))Slm(
π
2
) + 16(1 + 2κ0)(8i(1 + 2κ0) +m(−3− 6κ0 + κ20))S ′lm(
π
2
)
−64(1 + 2κ0)2S ′′lm(
π
2
)];
+2t
(1)
0 = −
i
64(1 + 2κ0)2λ
3
0
[(m3(−3− 6κ0 + κ20)3 − 128i(1 + 2κ0)2(9 + 18κ0 + κ20)
−im2(−3− 6κ0 + κ20)2(−27− 54κ0 + 13κ20) + 16m(72 + 432κ0 + 861κ20 + 564κ30
−46κ40 − 68κ50 + 9κ60))Slm(
π
2
) + 2(m2(−7− 14κ0 + κ20)(−3− 6κ0 + κ20)2
+64(1 + 2κ0)
2(9 + 18κ0 + κ
2
0) + 8im(54 + 324κ0 + 609κ
2
0 + 276κ
3
0 − 152κ40
+8κ50 + κ
6
0))S
′
lm(
π
2
)− 16(1 + 2κ0)(m(−3− 6κ0 + κ20)2 − 4i(9 + 36κ0
+37κ20 + 2κ
3
0))S
′′
lm(
π
2
)];
+2t
(2)
0 =
1
1024(1 + 2κ0)3λ50
[(κS2(−3− 6κ0 + κ20)(m4(−3 − 6κ0 + κ20)4 − 4096(1 + 2κ0)3(3
+6κ0 + κ
2
0) + 8im
3(−3− 6κ0 + κ20)3(7 + 14κ0 + κ20) + 1024imκ20(−3 − 18κ0
−23κ20 + 28κ30 + 42κ40 − 20κ50 + 2κ60) + 64m2(−135− 1080κ0 − 3234κ20 − 4284κ30
−2003κ40 + 388κ50 + 304κ60 − 72κ70 + 4κ80)) + 24i(1 + κ0)2(1 + 2κ0)(2304i(1
+2κ0)
3 + 3m3(−3 − 6κ0 + κ20)3 − 2im2(−3 − 6κ0 + κ20)2(−37− 74κ0 + 14κ20)
+24m(−81− 486κ0 − 843κ20 − 132κ30 + 461κ40 − 110κ50 + 7κ60)))Slm(
π
2
)
+(−16κS2(1 + 2κ0)(−3− 6κ0 + κ20)(−4im2(−9− 18κ0 + κ20)(−3− 6κ0 + κ20)2
+m3(−3− 6κ0 + κ20)3 + 256i(1 + 2κ0)2(3 + 6κ0 + κ20) + 32m(18 + 108κ0
+225κ20 + 180κ
3
0 + 22κ
4
0 − 28κ50 + 3κ60)) + 48i(1 + κ0)2(1 + 2κ0)(−1152(1
+2κ0)
3 +m2(−3− 6κ0 + κ20)2(−13− 26κ0 + 3κ20) + 8im(27 + 162κ0 + 330κ20
+240κ30 + 13κ
4
0 − 22κ50 + 2κ60)))S ′lm(
π
2
) + (64κS2(1 + 2κ0)
2(−3 − 6κ0
+κ20)(−8im(−3 − 6κ0 + κ20)2 +m2(−3− 6κ0 + κ20)2 + 32(3 + 12κ0
+13κ20 + 2κ
3
0))− 384i(1 + κ0)2(1 + 2κ0)2(72i(1 + 2κ0)2 +m(−3− 6κ0
+κ20)
2))S ′′lm(
π
2
)];
+2t
(0)
1 =
i(1 + κ0)
4(1 + 2κ0)λ0
[m(−3 − 6κ0 + κ20)Slm(
π
2
)− 8(1 + 2κ0)S ′lm(
π
2
)];
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+2t
(1)
1 =
(1 + κ0)
16(1 + 2κ0)λ30
[(−3− 6κ0 + κ20)(32 + 64κ0 +m2(−3− 6κ0 + κ20)
−4im(−15 − 30κ0 + 7κ20))Slm(
π
2
) + 4(−48i(1 + 2κ0)2 +m(−3− 6κ0
+κ20)
2)S ′lm(
π
2
) + 16(3 + 12κ0 + 11κ
2
0 − 2κ30)S ′′lm(
π
2
)];
+2t
(2)
1 =
(1 + κ0)
128(1 + 2κ0)2λ
5
0
[(κS2(im(−3− 6κ0 + κ20)2(m2(−3 − 6κ0 + κ20)2 − 4im(39 + 156κ0
+134κ20 − 44κ30 + 3κ40) + 32(12 + 48κ0 + 31κ20 − 34κ30 + 5κ40)))− 24(1 + 2κ0)(−3
−6κ0 + κ20)(−64(1 + 2κ0)2 +m2(3 + 12κ0 + 8κ20 − 8κ30 + κ40)− im(51 + 204κ0
+128κ20 − 152κ30 + 17κ40)))Slm(
π
2
) + (−8iκS2(1 + 2κ0)(−3− 6κ0 + κ20)(m2(−3
−6κ0 + κ20)2 + 32(3 + 12κ0 + 13κ20 + 2κ30)− 16im(−3− 6κ0 + κ20)2)− 96(1
+2κ0)(m(−3− 6κ0 + κ20)2(−1− 2κ0 + κ20) + 4i(1 + 2κ0)2(15 + 30κ0
+7κ20)))S
′
lm(
π
2
)− 768(1 + 2κ0)3(−3 − 6κ0 + κ20)S ′′lm(
π
2
)];
+2t
(0)
2 = −
(1 + κ0)
2
2λ0
Slm(
π
2
);
+2t
(1)
2 = −
i
4λ30
[(m(−3 + (−6 + κ0)κ0)2 − i(−15 + κ0(−60 + κ0(−42
+κ0(36 + κ0)))))Slm(
π
2
)− 2(−3 + (−6 + κ0)κ0)(5 + κ0(10 + κ0))S ′lm(
π
2
)];
+2t
(2)
2 =
1
16λ50(1 + 2κ0)
[(κS2(−3 − 6κ0 + κ20)(−m2(1 + 2κ0)(−3− 6κ0 + κ20)2 − 48(1
+2κ0)
2(−5 − 10κ0 + 3κ20) + 2im(−3 − 6κ0 + κ20)2(1 + 2κ0 + 3κ20)) + 6i(1
+κ0)
2(1 + 2κ0)(m(−3− 6κ0 + κ20)2 + i(3 + 12κ0 + 32κ20 + 40κ30 + κ40)))Slm(
π
2
)
+(κS2(−4(−3 − 6κ0 + κ20)(−3 − 12κ0 − 11κ20 + 2κ30)(m(−3− 6κ0 + κ20)− 4i(3
+6κ0 + κ
2
0)))− 12i(1 + κ0)2(−11− 22κ0 + κ20)(−3 − 12κ0 − 11κ20 + 2κ30))S ′lm(
π
2
)
+16κS2((3 + 12κ0 + 11κ
2
0 − 2κ30)2)S ′′lm(
π
2
)];
+2t
(1)
3 = −
(1 + κ0)(1 + 2κ0)
λ0
Slm(
π
2
);
+2t
(2)
3 = −
1 + κ0
8λ30
[(κS2(−3 − 6κ0 + κ20)(im(−3 − 6κ0 + κ20) + 4(5 + 10κ0 + κ20))
+48(1 + 2κ0)
2)Slm(
π
2
) + 8iκS2(3 + 12κ0 + 11κ
2
0 − 2κ30)S ′lm(
π
2
)]q3;
+2t
(2)
4 = −
(1 + κ0)
2(1 + 2κ0)κS2
4λ0
Slm(
π
2
).
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B Radial equation with delta function source
Let us consider the second order differential equation
A(r)(B(r)R(r)′)′ − V (r)R(r) = T (r) (B.1)
sourced by a sum of derivatives of delta functions, T (r) =
∑N+2
i=0 aiδ
(i)(r−r0). In the main
text, N is related to the maximal multipole order considered: N = 0, 1, 2 is related to the
truncation to monopole (mass), dipole (spin) and quadrupole, respectively. We denote as
R1(r), R2(r) two independent solutions of the homogeneous equation. The Wronskian
W = B(R1R
′
2 −R2R′1) (B.2)
is a constant. A general solution is given by
R(r) = X1R1(r)Θ(r0−r)+X2R2(r)Θ(r−r0)+Y1R1(r)+Y2R2(r)+
N∑
i=0
βiδ
(i)(r−r0). (B.3)
The solution can be found by substituting (B.3) into (B.1) and solving the linear equations.
The coefficients X1, X2 and βk are unique. The coefficients Y1 and Y2 are free and imposed
by fixing the boundary conditions. In this paper, we just need the result up to N = 2
and we will set Y2 = 0. The solution is
X1 =
−1
A5B3W
[a0(−A4B3R2) + a1A3B3(AR′2 − A′R2) + a2A2B2(R2(−AV − 2BA′2
+ABA′′) +R′2(2ABA
′ + A2B′)) + a3AB(R2(−4ABV A′ − 6A′3B2 − 2A2B′V
+A2BV ′ + 6AA′A′′B2 − A2B2A(3)) +R′2(A2BV + 6AB2A′2 + 3A2BA′B′ + 2A3B′2
−3A2B2A′′ − A3BB′′)) + a4(R2(−A2BV 2 − 18AB2A′2V − 24A′4B3 − 11A2BA′B′V
−6A3B′2V + 6A2B2A′V ′ + 3A3BB′V ′ + 7A2B2A′′V + 36AB3A′2A′′ − 6A2B3A′′2
+3A3BB′′V −A3B2V ′′ − 8A2B3A′A(3) + A3B3A(4)) +R′2(6A2B2A′V + 24AB3A′3
+4A3BB′V + 12A2B2A′2B′ + 8A3BA′B′2 + 6A4B′3 − 2A3B2V ′ − 24A2B3A′A′′
−6A3B2B′A′′ − 4A3B2A′B′′ − 6A4BB′B′′ + 4A3B3A(3) + A4B2B(3)))], (B.4)
X2 = X1(R2 ↔ R1, keeping W unflipped), (B.5)
β0 =
1
A3B3
(a2A
2B2 + a3AB(2AB
′ + 3A′B) + a4(ABV + AB(8A′B′ − 6A′′B)
+6A2B′2 − 3A2BB′′ + 12A′2B2))), (B.6)
β1 =
1
A2B2
(a3AB + (3AB
′ + 4A′B)a4), (B.7)
β2 =
a4
AB
. (B.8)
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The result for N = 1 can be obtained by substituting a4 = 0 in the previous solution.
Explicitly,
X1 =
−1
A4B2W
[−A3B2R2a0 + A2B2(AR′2 − A′R2)a1
+AB((ABA′′ − 2BA′2 −AV )R2 + (A2B′ + 2ABA′)R′2)a2
+(R2(−4ABV A′ − 6B2A′3 − 2A2B′V + A2BV ′ + 6AB2A′A′′ −A2B2A′′′)
+R′2(A
2BV + 6AA′2B2 + 3A2BA′B′ + 2A3B′2 − 3A2B2A′′ −A3BB′′))a3],
X2 = X1(R2 ↔ R1, keeping W unflipped), (B.9)
β0 =
a2AB + (2AB
′ + 3A′B)a3
A2B2
,
β1 =
a3
AB
.
The result for N = 0 can be obtained by substituting a3 = 0 in the previous solution.
Explicitly,
X1 =
−1
A3BW
[a0(−A2BR2) + a1(−ABA′R2 + A2BR′2) + a2(R2(−AV − 2A′2B + ABA′′)
+R′2(2ABA
′ + A2B′))], (B.10)
X2 = X1(R2 ↔ R1, keeping W unflipped), (B.11)
β0 =
a2
AB
. (B.12)
All the functions are evaluated at r = r0.
For near-NHEK region,
A(r) = (r(r + 2κ))−s, B(r) = (r(r + 2κ))s+1, (B.13)
V (r) = −3
4
m2 − s(s+ 1) + Elm − 2ism+ (mr + κn)(κ(2si− n) + r(2si−m))
r(r + 2κ)
,
with n = m + ω/κ and the two independent solutions are R1 = Rinlmω, R2 = RDlmω given
in (3.22).
For the NHEK region,
A(r) = r−2s, B(r) = r2(s+1),
V (r) = −7
4
m2 + Elm − s(s+ 1)− 2Ω(m− is)
R
− Ω
2
R2
, (B.14)
and the two independent solutions are R1 =W inlmΩ, R2 =MDlmΩ given in (3.14).
34
References
[1] R. J. E. Smith, I. Mandel, and A. Vechhio, “Studies of waveform requirements for
intermediate mass-ratio coalescence searches with advanced gravitational-wave
detectors,” Phys. Rev. D88 (2013), no. 4, 044010, 1302.6049.
[2] M. C. Miller, “Probing general relativity with mergers of supermassive and
intermediate-mass black holes,” Astrophys. J. 618 (2004) 426–431,
astro-ph/0409331.
[3] S. Konstantinidis, P. Amaro-Seoane, and K. D. Kokkotas, “Kicking massive black
holes off clusters: Intermediate-mass ratio inspirals,” Astron. Astrophys. 557 (2013)
A135, 1108.5175.
[4] N. W. C. Leigh, N. Lu¨tzgendorf, A. M. Geller, T. J. Maccarone, C. Heinke, and
A. Sesana, “On the coexistence of stellar-mass and intermediate-mass black holes in
globular clusters,” Mon. Not. Roy. Astron. Soc. 444 (2014), no. 1, 29–42,
1407.4459.
[5] C.-J. Haster, F. Antonini, V. Kalogera, and I. Mandel, “N−body dynamics of
Intermediate mass-ratio inspirals in STAR clusters,” Astrophys. J. 832 (2016),
no. 2, 192, 1606.07097.
[6] M. MacLeod, M. Trenti, and E. Ramirez-Ruiz, “The Close Stellar Companions to
Intermediate Mass Black Holes,” Astrophys. J. 819 (2016), no. 1, 70, 1508.07000.
[7] G. D. Quinlan and S. L. Shapiro, “Dynamical evolution of dense clusters of
compact stars,” ApJ 343 (Aug., 1989) 725–749.
[8] P. Amaro-Seoane, “Detecting Intermediate-Mass Ratio Inspirals From The Ground
And Space,” Phys. Rev. D98 (2018), no. 6, 063018, 1807.03824.
[9] LISA Collaboration, H. Audley et al., “Laser Interferometer Space Antenna,”
1702.00786.
[10] P. Amaro-Seoane, J. R. Gair, M. Freitag, M. Coleman Miller, I. Mandel, C. J.
Cutler, and S. Babak, “Astrophysics, detection and science applications of
intermediate- and extreme mass-ratio inspirals,” Class. Quant. Grav. 24 (2007)
R113–R169, astro-ph/0703495.
[11] J. Luo et al. [TianQin Collaboration], Class. Quant. Grav. 33, no. 3, 035010 (2016)
doi:10.1088/0264-9381/33/3/035010 [arXiv:1512.02076 [astro-ph.IM]].
[12] Z.-K. Guo, R.-G. Cai, and Y.-Z. Zhang, “Taiji Program: Gravitational-Wave
Sources,” 1807.09495.
35
[13] D. A. Brown, H. Fang, J. R. Gair, C. Li, G. Lovelace, I. Mandel, and K. S. Thorne,
“Prospects for detection of gravitational waves from intermediate-mass-ratio
inspirals,” Phys. Rev. Lett. 99 (2007) 201102, gr-qc/0612060.
[14] I. Mandel, D. A. Brown, J. R. Gair, and M. C. Miller, “Rates and Characteristics of
Intermediate-Mass-Ratio Inspirals Detectable by Advanced LIGO,” Astrophys. J.
681 (2008) 1431–1447, 0705.0285.
[15] E. A. Huerta and J. R. Gair, “Intermediate-mass-ratio-inspirals in the Einstein
Telescope: I. Signal-to-noise ratio calculations,” Phys. Rev. D83 (2011) 044020,
1009.1985.
[16] E. A. Huerta and J. R. Gair, “Intermediate-mass-ratio-inspirals in the Einstein
Telescope. II. Parameter estimation errors,” Phys. Rev. D83 (2011) 044021,
1011.0421.
[17] M. C. Miller and E. J. M. Colbert, “Intermediate - mass black holes,” Int. J. Mod.
Phys. D13 (2004) 1–64, astro-ph/0308402.
[18] M. Mezcua, “Observational evidence for intermediate-mass black holes,” Int. J.
Mod. Phys. D26 (2017), no. 11, 1730021, 1705.09667.
[19] J. R. Gair, I. Mandel, M. C. Miller, and M. Volonteri, “Exploring intermediate and
massive black-hole binaries with the Einstein Telescope,” Gen. Rel. Grav. 43 (2011)
485–518, 0907.5450.
[20] S. F. Portegies Zwart, H. Baumgardt, S. L. W. McMillan, J. Makino, P. Hut, and
T. Ebisuzaki, “The ecology of star clusters and intermediate mass black holes in the
Galactic bulge,” Astrophys. J. 641 (2006) 319, astro-ph/0511397.
[21] L. Barack et al., “Black holes, gravitational waves and fundamental physics: a
roadmap,” 1806.05195.
[22] A. Buonanno and T. Damour, “Effective one-body approach to general relativistic
two-body dynamics,” Phys. Rev. D59 (1999) 084006, gr-qc/9811091.
[23] T. Damour, “Coalescence of two spinning black holes: an effective one-body
approach,” Phys. Rev. D64 (2001) 124013, gr-qc/0103018.
[24] T. Damour and A. Nagar, “The Effective One Body description of the Two-Body
problem,” Fundam. Theor. Phys. 162 (2011) 211–252, 0906.1769.
[25] L. Blanchet, “Gravitational Radiation from Post-Newtonian Sources and
Inspiralling Compact Binaries,” Living Rev. Rel. 17 (2014) 2, 1310.1528.
36
[26] T. Damour, “Gravitational scattering, post-Minkowskian approximation and
Effective One-Body theory,” Phys. Rev. D94 (2016), no. 10, 104015, 1609.00354.
[27] K. Jani, J. Healy, J. A. Clark, L. London, P. Laguna, and D. Shoemaker, “Georgia
Tech Catalog of Gravitational Waveforms,” Class. Quant. Grav. 33 (2016), no. 20,
204001, 1605.03204.
[28] S. Akcay, L. Barack, T. Damour, and N. Sago, “Gravitational self-force and the
effective-one-body formalism between the innermost stable circular orbit and the
light ring,” Phys. Rev. D86 (2012) 104041, 1209.0964.
[29] A. Buonanno and T. Damour, “Transition from inspiral to plunge in binary black
hole coalescences,” Phys. Rev. D62 (2000) 064015, gr-qc/0001013.
[30] E. Poisson, A. Pound, and I. Vega, “The Motion of point particles in curved
spacetime,” Living Rev. Rel. 14 (2011) 7, 1102.0529.
[31] A. I. Harte, “Motion in classical field theories and the foundations of the self-force
problem,” Fund. Theor. Phys. 179 (2015) 327–398, 1405.5077.
[32] A. Pound, “Motion of small objects in curved spacetimes: An introduction to
gravitational self-force,” Fund. Theor. Phys. 179 (2015) 399–486, 1506.06245.
[33] L. Barack and A. Pound, “Self-force and radiation reaction in general relativity,”
Rept. Prog. Phys. 82 (2019), no. 1, 016904, 1805.10385.
[34] A. Ori and K. S. Thorne, “The Transition from inspiral to plunge for a compact
body in a circular equatorial orbit around a massive, spinning black hole,” Phys.
Rev. D62 (2000) 124022, gr-qc/0003032.
[35] M. Kesden, “Transition from adiabatic inspiral to plunge into a spinning black
hole,” Phys. Rev. D83 (2011) 104011, 1101.3749.
[36] G. Compe`re, K. Fransen and C. Jonas, “Transition from inspiral to plunge into a
highly spinning black hole,” to appear
[37] A. Le Tiec, “The Overlap of Numerical Relativity, Perturbation Theory and
Post-Newtonian Theory in the Binary Black Hole Problem,” Int. J. Mod. Phys.
D23 (2014), no. 10, 1430022, 1408.5505.
[38] E. A. Huerta and J. R. Gair, “Importance of including small body spin effects in
the modelling of extreme and intermediate mass-ratio inspirals,” Phys. Rev. D84
(2011) 064023, 1105.3567.
37
[39] E. A. Huerta, J. R. Gair, and D. A. Brown, “Importance of including small body
spin effects in the modelling of intermediate mass-ratio inspirals. II Accurate
parameter extraction of strong sources using higher-order spin effects,” Phys. Rev.
D85 (2012) 064023, 1111.3243.
[40] N. Warburton, T. Osburn, and C. R. Evans, “Evolution of small-mass-ratio binaries
with a spinning secondary,” Phys. Rev. D96 (2017), no. 8, 084057, 1708.03720.
[41] J. M. Bardeen, W. H. Press, and S. A. Teukolsky, “Rotating black holes: Locally
nonrotating frames, energy extraction, and scalar synchrotron radiation,”
Astrophys. J. 178 (1972) 347.
[42] J. M. Bardeen and G. T. Horowitz, “The Extreme Kerr throat geometry: A
Vacuum analog of AdS(2) x S**2,” Phys. Rev. D60 (1999) 104030,
hep-th/9905099.
[43] A. J. Amsel, G. T. Horowitz, D. Marolf, and M. M. Roberts, “No Dynamics in the
Extremal Kerr Throat,” JHEP 09 (2009) 044, 0906.2376.
[44] I. Bredberg, T. Hartman, W. Song, and A. Strominger, “Black Hole Superradiance
From Kerr/CFT,” JHEP 04 (2010) 019, 0907.3477.
[45] I. Bredberg, C. Keeler, V. Lysov, and A. Strominger, “Cargese Lectures on the
Kerr/CFT Correspondence,” Nucl. Phys. Proc. Suppl. 216 (2011) 194–210,
1103.2355.
[46] G. Compe`re, “The Kerr/CFT correspondence and its extensions,” Living Rev. Rel.
15 (2012) 11, 1203.3561. [Living Rev. Rel.20,no.1,1(2017)].
[47] G. Compe`re, “Advanced Lectures on General Relativity,” Lect. Notes Phys. 952,
150 (2019).
[48] S. E. Gralla, A. Lupsasca, and A. Strominger, “Near-horizon Kerr Magnetosphere,”
Phys. Rev. D93 (2016), no. 10, 104041, 1602.01833.
[49] G. Compe`re and R. Oliveri, “Self-similar accretion in thin discs around
near-extremal black holes,” Mon. Not. Roy. Astron. Soc. 468 (2017), no. 4,
4351–4361, 1703.00022.
[50] S. E. Gralla and P. Zimmerman, “Critical Exponents of Extremal Kerr
Perturbations,” Class. Quant. Grav. 35 (2018), no. 9, 095002, 1711.00855.
[51] G. Compe`re, K. Fransen, T. Hertog, and J. Long, “Gravitational waves from
plunges into Gargantua,” Class. Quant. Grav. 35 (2018), no. 10, 104002,
1712.07130.
38
[52] T. Hinderer et al., Phys. Rev. D 88, no. 8, 084005 (2013)
doi:10.1103/PhysRevD.88.084005 [arXiv:1309.0544 [gr-qc]].
[53] D. Bini, G. Faye and A. Geralico, Phys. Rev. D 92, no. 10, 104003 (2015)
doi:10.1103/PhysRevD.92.104003 [arXiv:1507.07441 [gr-qc]].
[54] S. E. Gralla, A. Lupsasca, and A. Strominger, “Observational Signature of High
Spin at the Event Horizon Telescope,” Mon. Not. Roy. Astron. Soc. 475 (2018),
no. 3, 3829–3853, 1710.11112.
[55] S. E. Gralla, S. A. Hughes, and N. Warburton, “Inspiral into Gargantua,” Class.
Quant. Grav. 33 (2016), no. 15, 155002, 1603.01221.
[56] A. P. Porfyriadis and A. Strominger, “Gravity waves from the Kerr/CFT
correspondence,” Phys. Rev. D90 (2014), no. 4, 044038, 1401.3746.
[57] S. Hadar, A. P. Porfyriadis, and A. Strominger, “Gravity Waves from
Extreme-Mass-Ratio Plunges into Kerr Black Holes,” Phys. Rev. D90 (2014), no. 6,
064045, 1403.2797.
[58] S. Hadar, A. P. Porfyriadis, and A. Strominger, “Fast plunges into Kerr black
holes,” JHEP 07 (2015) 078, 1504.07650.
[59] S. E. Gralla, A. P. Porfyriadis, and N. Warburton, “Particle on the Innermost
Stable Circular Orbit of a Rapidly Spinning Black Hole,” Phys. Rev. D92 (2015),
no. 6, 064029, 1506.08496.
[60] S. Hadar and A. P. Porfyriadis, “Whirling orbits around twirling black holes from
conformal symmetry,” JHEP 03 (2017) 014, 1611.09834.
[61] G. Compe`re, K. Fransen, T. Hertog and Y. Liu, “Scalar self-force for high spin
black holes”, to appear
[62] M. Mathisson, “Neue mechanik materieller systemes,” Acta Phys. Polon. 6 (1937)
163–2900.
[63] A. Papapetrou, “Spinning test particles in general relativity. 1.,” Proc. Roy. Soc.
Lond. A209 (1951) 248–258.
[64] W. G. Dixon, “Dynamics of extended bodies in general relativity. I. Momentum
and angular momentum,” Proc. Roy. Soc. Lond. A314 (1970) 499–527.
[65] W. G. Dixon, “Dynamics of extended bodies in general relativity. II. Moments of
the charge-current vector,” Proc. Roy. Soc. Lond. A319 (1970) 509–547.
39
[66] W. G. Dixon, “Dynamics of extended bodies in general relativity. III. Equations of
motion,” Phil.Trans.Roy.Soc.Lond. A277 (1974) 59–119.
[67] A. Einstein and J. Grommer, “Allgemeine Relativita¨ts theorie und
Bewegungsgesetz,” Sitzungsber. Preuss. Akad.Wiss.Berlin (Math.Phys.) 2 (1927)
13.
[68] W. Dixon, “A covariant multipole formalism for extended test bodies in general
relativity,” Nuovo Cim. 34 (1964) 317–339.
[69] R. Schattner, “The center-of-mass in general relativity,” Gen. Rel. Grav. 10 (1979)
377–393.
[70] R. Schattner, “The uniqueness of the center-of-mass in general relativity,” Gen.
Rel. Grav. 10 (1979) 395–399.
[71] W. Tulczyjew, “Motion of multipole particles in general relativity theory,” Acta
Phys.Polon. 18 (1959) 393–409.
[72] B. Tulczyjew and W. Tulczyjew, “On multipole formalism in general relativity,”
Recent Developments in General Relativity Press, London (1962) 465–472.
[73] W. G. Dixon, “The New Mechanics of Myron Mathisson and Its Subsequent
Development,” Fund. Theor. Phys. 179 (2015) 1–66.
[74] I. B. Khriplovich, “Particle with internal angular momentum in a gravitational
field,” Sov. Phys. JETP 69 (1989) 217–219. [Zh. Eksp. Teor. Fiz.96,385(1989)].
[75] A. A. Deriglazov and W. Guzma´n Ramı´ez, “Recent progress on the description of
relativistic spin: vector model of spinning particle and rotating body with
gravimagnetic moment in General Relativity,” Adv. Math. Phys. 2017 (2017)
7397159, 1710.07135.
[76] O. Veblen and T. Thomas, “The geometry of paths,” Trans.Am.Math.Soc. 25
(1923) 551–608.
[77] T. Thomas, The Differential Invariants of Generalized Spaces. Cambridge
University Press, Cambridge, 1934.
[78] J. Weyssenhoff and A. Raabe, “Relativistic dynamics of spin-fluids and
spin-particles,” Acta Phys.Polon. 9 (1947) 7–18.
[79] J. Ehlers and E. Rudolph, “Dynamics of extended bodies in general relativity
center-of-mass description and quasirigidity,” General Relativity and Gravitation 8
(Mar., 1977) 197–217.
40
[80] M. Mathisson, “Republication of: New mechanics of material systems,” General
Relativity and Gravitation 42 (Apr, 2010) 1011–1048.
[81] W. Tulczyjew, “On the energy-momentum tensor density for simple pole particles,”
Bull. Acad. Polon. Sci. Cl. III (1957), no. 5, 279.
[82] J. Steinhoff and D. Puetzfeld, “Multipolar equations of motion for extended test
bodies in General Relativity,” Phys. Rev. D81 (2010) 044019, 0909.3756.
[83] J. Steinhoff and D. Puetzfeld, “Influence of internal structure on the motion of test
bodies in extreme mass ratio situations,” Phys. Rev. D86 (2012) 044033,
1205.3926.
[84] R. P. Geroch, “Multipole moments. II. Curved space,” J. Math. Phys. 11 (1970)
2580–2588.
[85] R. O. Hansen, “Multipole moments of stationary space-times,” J. Math. Phys. 15
(1974) 46–52.
[86] W. G. Laarakkers and E. Poisson, “Quadrupole moments of rotating neutron
stars,” Astrophys. J. 512 (1999) 282–287, gr-qc/9709033.
[87] E. E. Flanagan and T. Hinderer, “Constraining neutron star tidal Love numbers
with gravitational wave detectors,” Phys. Rev. D77 (2008) 021502, 0709.1915.
[88] T. Damour and A. Nagar, “Relativistic tidal properties of neutron stars,” Phys.
Rev. D80 (2009) 084035, 0906.0096.
[89] T. Binnington and E. Poisson, “Relativistic theory of tidal Love numbers,” Phys.
Rev. D80 (2009) 084018, 0906.1366.
[90] M. Colleoni and L. Barack, “Overspinning a Kerr black hole: the effect of
self-force,” Phys. Rev. D91 (2015) 104024, 1501.07330.
[91] H. Yang, F. Zhang, A. Zimmerman, D. A. Nichols, E. Berti, and Y. Chen,
“Branching of quasinormal modes for nearly extremal Kerr black holes,” Phys. Rev.
D87 (2013), no. 4, 041502, 1212.3271.
[92] H. Yang, A. Zimmerman, A. Zenginogˇlu, F. Zhang, E. Berti, and Y. Chen,
“Quasinormal modes of nearly extremal Kerr spacetimes: spectrum bifurcation and
power-law ringdown,” Phys. Rev. D88 (2013), no. 4, 044047, 1307.8086. [Phys.
Rev.D88,044047(2013)].
[93] S. E. Gralla and P. Zimmerman, “Scaling and Universality in Extremal Black Hole
Perturbations,” JHEP 06 (2018) 061, 1804.04753.
41
[94] S. A. Teukolsky and W. H. Press, “Perturbations of a rotating black hole. III -
Interaction of the hole with gravitational and electromagnetic radiation,”
Astrophys. J. 193 (Oct., 1974) 443–461.
[95] M. van de Meent and A. G. Shah, “Metric perturbations produced by eccentric
equatorial orbits around a Kerr black hole,” Phys. Rev. D 92, no. 6, 064025 (2015)
1506.04755.
[96] M. van de Meent, “Gravitational self-force on eccentric equatorial orbits around a
Kerr black hole,” Phys. Rev. D 94, no. 4, 044034 (2016) 1606.06297.
[97] M. van de Meent, “Gravitational self-force on generic bound geodesics in Kerr
spacetime,” Phys. Rev. D 97, no. 10, 104033 (2018) 1711.09607.
42
